A general class of solutions is obtained which describe a spherically symmetric wormhole system. The source of the stress-energy supporting the structure consists of an anisotropic brown dwarf "star" which smoothly joins vacuum and may possess arbitrary cosmological constant. It is demonstrated how this set of solutions allow for a non-zero energy density and therefore positive stellar mass as well as how violations of energy conditions may be minimized. Unlike examples considered thus far, emphasis here is placed on construction by manipulating the matter field as opposed to the metric. This scheme is generally more physical than the purely geometric method. Finally, explicit examples are constructed including an example which demonstrates how multiple closed universes may be connected by such wormholes. The number of connected universes may be finite or infinite.
Introduction
The study of spacetimes with nontrivial topology is one with an interesting history. One of the earliest, and most famous, wormhole type geometries considered is that of the Einstein-Rosen bridge [1] . This "bridge" connecting two sheets was to represent an elementary particle. That is, particles both charged and uncharged were to be modeled as wormholes. From the work of Einstein and Rosen one also can find a hint to what eventually was to become a central problem in wormhole physics. Energy conditions must generally be violated to support static wormhole geometries.
The wormhole resurfaced later in the study of quantum gravity in the context of the "spacetime foam" [2] [3] in which wormhole type structures permeate throughout spacetime at scales near the Planck length. More recently, there is the meticulous study performed by Morris and Thorne [4] considering a static, spherically symmetric configuration connecting two universes. Since the work by Morris and Thorne, there has been a considerable amount of work on the subject of wormhole physics. For an excellent review the reader is referred to the thorough book by Visser [5] as well as the exhaustive list of references therein. Most interesting is the case when the wormhole may actually be traversable which, at the very least, requires tidal forces to be small along time-like world lines as well as the absence of event horizons. These geometries are of interest not only for pedagogical reasons but they serve to shed light on some fundamental issues involving chronology protection [6] and the topology of the universe. Also, many wormhole solutions are in violation of the weak energy condition and there has been much activity in the literature to attempt to minimize such violations (see, for example, [7] , [8] , [9] , [10] and references therein.) There is also the possibility that wormholes have much relevance to studies of black holes. For example, it may be possible that small wormholes may induce large shifts in a black hole's event horizon or that semiclassical effects near a singularity may cause a wormhole to form avoiding a singularity altogether [11] , [12] , [13] .
For the above reasons, and many others which are hinted at in the literature, it is instructive to study as general a class as possible of such solutions. The aim here is to construct a mathematical model which encompasses the bulk of static, spherically symmetric, wormhole solutions. This is done by studying the profile curve of a generic wormhole structure and postulating a mathematical expression describing this curve. From this ansatz all relevant properties may be calculated. Here we are concerned with making the system as physically relevant, yet as general, as possible. This involves, as much as possible, with working with the stress energy tensor when studying the system as opposed to fully prescribing the geometry as is usually done. We demand as reasonable physics as possible given the situation and study the system from this point of view. Also, the system is not supported by a matter field which permeates all space but possesses a definite matter boundary. At this boundary the solution is smoothly patched to vacuum with arbitrary cosmological constant. The presence of a cosmological constant is permitted for several reasons. First, astronomical studies of distant supernovae favour the presence of a non zero cosmological constant [14] [15] . Second, the cosmological constant necessarily violates the strong energy condition and therefore may serve to minimize energy condition violations of the matter field. We make comments where appropriate on how the introduction of the cosmological term affects the behaviour of the matter field. In this paper we find that solutions may be obtained in which the matter field does not violate energy conditions at the throat and with minimal energy condition violation elsewhere. It is possible that a patch to an intermediate layer of matter may eliminate violations altogether.
The paper is organized as follows: Section 2 introduces the the Einstein field equations for a general static spherically symmetric system as well as the differential identities which must be satisfied. This system is then specialized to describe a general wormhole system. Section 3 illustrates the methods used to solve the field equations. The matter field is also introduced and restrictions on its behaviour are analyzed. The singularity and event horizon conditions are studied here in terms of the matter field. The smooth patching of this solution to the exterior Schwarzschild-(anti) de Sitter solution [16] is also covered here along with junction conditions. Specific examples are constructed and energy conditions are studied in section 4. Finally, some concluding remarks are made in section 5.
Geometry and Topology
The geometry studied is displayed in figure 1 . For the moment we restrict our analysis to the case where there exist two regions, an upper and lower sheet, which are connected by a throat of radius r = r 0 . Neither region need be asymptotically flat and each region may represent a universe which is connected by the wormhole throat. It would not be difficult to modify the calculations here to represent a throat connecting two parts of the same universe. This, for example, may easily be accomplished via topological identification at spatial infinity.
In the case studied here both the upper and lower universe possess a matter-vacuum boundary at r = d ± > r 0 where the + applies to the "upper universe" and the − denotes quantities in the "lower universe". This boundary represents the junction between the brown dwarf and the vacuum. We use the term brown dwarf to describe the matter system for several reasons. First, the traversability condition precludes the use of a matter system undergoing intense nuclear processes in its interior. A very rough definition of a brown dwarf is a "star" which forms via gravitational collapse but does not ignite nuclear fusion in its core. Second, it is reasonable that if such a system were to form there would be some cut-off point in the stressenergy. Our system here possesses such a boundary (the stellar surface) and therefore the analogy with stellar structure again leads us to the term brown dwarf. It should be noted that d + does not necessarily have to be equal to d − and therefore the brown dwarf "star" may have a different size in each universe.
We take as our starting point the spherically symmetric line element of the form
with γ(r) ± and α(r) ± being functions of the radial coordinate only. The coordinates cover the range
This form will prove especially useful when patching solutions to the vacuum at r = d ± . The condition that there be no horizons implies that γ(r) ± be bounded. Also, we demand that the time-like coordinate, t, be smooth across the throat which yields the condition γ(r 0 ) − = γ(r 0 ) + . The fundamental equations governing the geometry are the Einstein field equations 1 with cosmological constant
1 Conventions here follow those of [3] with G = c = 1. The Riemann tensor is therefore given by R along with the conservation law
The spherically symmetric Einstein field equations, in mixed form, yield only three independent equations:
whereas the conservation law yields one non-trivial equation:
Note that the cosmological constant, Λ, is assumed to have the same value in both the + and − region. This is because the cosmological constant is taken to represent the stress-energy of the vacuum and we assume here that both regions, being connected, possess similar vacua. It may be interesting to study situations where, for example, one universe is of de Sitter type and the other of anti-de Sitter type although topological complications must be considered in such a case as the topology of de Sitter differs from that of anti-de Sitter. Equation (5a) may be utilized to give the following:
If one is considering standard stellar models with plain topology, one must set the constant c = 0 to avoid a singularity at the origin. Here, however, the origin (r = 0) is not a part of the manifold (see figure 1 ) and this constant must be set by the requirement that the throat region be sufficiently smooth as described next. Figure 2 shows a cross-section or profile curve of the top half of the wormhole near the throat. The wormhole itself is constructed via the creation of a surface of revolution when one rotates this figure about the x 3 -axis. The surface of revolution may be parameterized as follows
where r = (x 1 ) 2 + (x 2 ) 2 and φ is shown in the figure. Therefore, the induced metric on the surface is given by
where commas denote ordinary derivatives. Note that the four dimensional spacetime metric, (1) may now be written as:
The shape function, b(r), may now be specified in terms of the embedding function, P (r). To set the constant, c, in (7) note that from the profile curve in figure 2 the derivative P (r) ,1 tends to infinity as one approaches r 0 . This condition translates, via (10), to 1 − b(r) ± /r vanishing at r = r 0 . Therefore the constant c must be equal to −r 0 . This condition is equivalent to that in [4] and reflects the fact that at the throat finite change in coordinate distance, ∆r, corresponds to an infinite change in proper radial distance, ∆l. That is,
We are now in a position to analyze the geometry. For now we limit the analysis to the top half of the profile curve (the "+" region) since the bottom half is easily obtained once we have the top half. From the profile curve in figure 2 it may be seen that a function is needed with the following properties:
• The derivative, P (r) ,1 , must be infinite at the throat and finite elsewhere.
• The derivative, P (r) ,1 , must be positive at least near the throat.
• The function P (r) must possess negative second derivative at least near the throat region.
• Since there will be a cut-off at r = d where the solution is joined to vacuum (Schwarzschild-(anti) de Sitter), no specification needs to be made as r tends to infinity.
These restrictions are purely geometric in nature. We show below that reasonable physics will demand further restrictions. From these properties a general function is assumed of the form:
Here h(r) is any non-negative function with non-negative first derivative. Moreover, ǫ is a constant bounded as follows: 0 < ǫ < . The reason for this restriction will be made clear later. A is a positive constant which is required so that quantities possess correct units (the unit of A is length 1−ǫ .) One may enforce conditions on h(r) by writing it in terms of a slack function as
with z 0 a constant. The shape function, b(r), is given by (7) and (10) b(r) =r P (r)
The bottom universe may be obtained via the profile curve by demanding that A is some negative constant. The first derivative will then be negative near the throat and the second derivative positive.
Wormhole Structure
In this section the field equations are utilized to construct the wormhole structure. There are a number of ways to proceed and each method has its particular advantages and disadvantages. One method is a purely geometric method or g-method [17] . In this method one is free to specify the metric components, γ(r) and b(r), to acquire the desired geometry. One is then completely determining the supporting stress-energy tensor from the geometry via the field equations. This is the method of [4] . One may, for example, wish that γ(r) be bounded to eliminate horizons. Such a function may be written in terms of a sum of and even and an odd bounded function as:
which is bounded as
Here χ(r) and ψ(r) are arbitrary. This method possesses the advantage that any reasonable geometry allowed by general relativity may be constructed.
The disadvantage, however, is that one may be left with a stress-energy tensor which is physically unreasonable. A second method is the T-method [17] . Here one prescribes properties of a desired matter field and from this constructs a stress-energy tensor. The field equations are then solved for the metric which governs the geometry. This is generally a preferred method as one may prescribe physically reasonable matter and study the resulting gravitational field. The disadvantage, of course, is that there is very little control on the geometry. If we have a particular geometry in mind there is no guarantee that an a priori prescribed stress-energy tensor will generate the desired gravitational field. Therefore, for the purposes of wormhole analysis, this method is not useful.
A third method, and one which most of the analysis here is based on, is a mixed method [18] . This method may be implemented in two ways:
• Prescribe some desirable physical properties to T 0 ±0 and T 1 ±1 . For instance, for physically reasonable matter one may wish the first to be negative and the latter non-negative. T 1 ±1 may be freely set. However, T 0 ±0 is obtained via the shape function, b(r) ± , using (5a). The physical properties demanded above must be utilized to constrain the shape function.
• Again obtain T are defined via (6) . All equations will then be satisfied. The advantage of this method is that one may employ some reasonable physical assumptions on the matter fields yet not give up all control over the geometry. The major disadvantage is that, since g 00 is not set, certain desirable properties of the manifold, such as the absence of horizons and curvature singularities, are not guaranteed. These problems will be addressed below.
The matter field may, for example, be that of an anisotropic fluid whose stress-energy tensor is given by
with
Here, in the static case, the eigenvalues of T 
3 ). Second, utilizing both the g and mixed methods will most likely result in a system possessing three distinct eigenvalues. Furthermore, it is known that these eigenvalues must, at least in some vicinity, violate energy conditions [4] . It has been shown [19] that the anisotropic fluid, when undergoing gravitational collapse may form many states of "exotic" (energy condition violating) matter. Finally, the formation of a wormhole system as described in this text would most likely form via gravitational collapse as with normal stars. The anisotropic fluid therefore represents a matter field which is a reasonable extension to certain standard stellar models involving a perfect fluid [20] .
The metric function , γ ± (r), is given by (5b) and its integral:
with K ± a constant which continuity of γ(r) ± at the throat requires K + = K − . α(r) ± is given by equation (7):
α(r) ±,1 = 1
Also, a useful equation which will be utilized later results by subtracting (5a) from (5b)
Having expressions for the metric functions and their derivatives, we now turn to the matter field. This analysis will allow us to determine all properties which the general embedding function need satisfy and will therefore provide a general class of metrics describing such wormholes.
The Einstein equation (5a) may be written in terms of the shape function yielding:
We assume here that, at least in the vicinity of the throat where the cosmological constant is negligible compared to the matter energy density, the net energy density is positive. From (21) it is seen that this requires that b(r) ,1 > 0 near the throat. Recall from the properties of the profile curve (figure 2), P (r) must possess positive first derivative and negative second derivative near the throat. From (13b) it may be seen that if the second term in the expression dominates, b(r) ,1 will be negative which is not desirable. Therefore (13b) must be analyzed with some care in the vicinity of the throat.
To study the properties of (21) near the throat we define a parameter δ := (r − r 0 ). Analysis of b(r) ,1 then shows that
from which it may be seen that ǫ must be restricted to the interval 0 < ǫ < is allowed although a negative energy density as observed by static observers is the price one pays for this case. Even for the values of ǫ stated above b(r) ,1 eventually becomes negative at some radius, r = r * ± say, as is evident from (13b). One could, if one insists on a positive value of b(r) ,1 everywhere place the stellar boundary at d ± < r * ± . Note that since the model admits arbitrary cosmological constant, we could allow b(d ± ) < 0 and still claim a positive ρ for the matter field if Λ < 0.
The equation (22) with the above restriction on ǫ yields the best possible scenario as far as the energy density is concerned. That is, a value of b(r) ±,1 greater that unity cannot be achieved at the throat. This situation is quite favourable with respect to the energy conditions (to be discussed section 4) as the null, weak and dominant energy conditions each require positivity of energy density.
Horizons and Singularities
As mentioned earlier, the method utilized here, although giving some control over the matter fields, does not guarantee the absence of event horizons nor singularities. In this section we address both of these issues.
In the coordinate system of (1) an event horizon will exist wherever g 00 vanishes. In other words, the function γ ± (r) must be everywhere finite. Using (18a) and (18b) it may be seen that, to ensure that γ(r) ± remain finite near the throat, (τ (r) + 1/r 2 ) must vanish at least as fast as (r − b(r) ± ) in the limit r → r 0 .
From (13a) it may be shown that near the throat
therefore the numerator of (18a) must possess behaviour near the throat of the form (r − r 0 ) η with η ≥ 2(1 − ǫ) and
where the notation τ (r) := 8πT 1 1 − Λ is used. Although we may possess everywhere non-negative energy density (24) shows that a negative pressure or tension is required at the throat to support the wormhole. The fluid pressure may still be positive if the cosmological constant is positive and dominates the fluid pressure at the throat.
The equation (18b) may most easily be made well behaved for any ǫ allowed by the model by demanding that the first order term in the expansion of τ (r) + 1/r 2 about r 0 vanish. Also, the appropriate limit τ (r 0 ) = −1/r 0 must be enforced so that the zeroth order term vanish as well. Without loss of generality we may write τ (r) as
with m an odd integer, q ≥ 2, w > 0 positive integers and ξ(r) and ζ(r) arbitrary functions save for the restriction that they possesses well behaved derivatives in the regime r 0 ≤ r ≤ d. α is a small constant set by the requirement that at r = d ± the above expression is equal to −Λ. The second term, proportional to the constant κ is not strictly required though it is useful in making τ (r) positive throughout most of the stellar region (see section 4). An analysis of the matter field in the context of the energy conditions may also be found in section 4.
Having eliminated the possibility of event horizons, it is now necessary to analyze the manifold for singularities. Singular manifold structure is most easily studied by constructing the Riemann tensor in an orthonormal frame. We use notation such that indices surrounded by parentheses denote quantities in the orthonormal frame. In this frame the Riemann tensor possesses the following components as well as those related by symmetry [4] :
Recall that, utilizing our ansatz (12a) with (13a) and (13b), b(r 0 ) = r 0 and b(r 0 ) ,1 = 1. Therefore all components of the Riemann tensor, with the possible exception of (26a) are finite at the throat. To study (26a) more carefully, it is useful to write it in terms of T 1 ±1 using (18a) as (dropping the ± subscript for now)
Notice that for non-singular behaviour, the term in square brackets must vanish at least as fast as the denominator as r → r 0 . Recall that the denominator's behaviour is as in (23) and therefore the numerator must possess similar or stronger vanishing properties here. An exhaustive calculation using (25) reveals that the numerator does indeed vanish at least as fast as the denominator near the throat and therefore all curvature tensor components are finite eliminating any singularities. It is interesting to note that, by demanding that γ(r) ±,1 be finite everywhere (the horizon condition), we also impose the final condition which ensures finiteness on all orthonormal Riemann tensor components. In other words, naked singularities are not supported.
If one is considering a traversable type wormhole then a further restriction on Riemann components is generally desired. Namely, the magnitude of these components must be small in the sense that tidal acceleration, given by:
be sufficiently small to allow travel through the throat. Here ∆ξ γ is a separation vector joining two parts of the traveling body. The condition that (28) be small places constraints on the magnitude of the orthonormal Riemann tensor components as well as on the velocity at which the wormhole may safely be traversed [3] , [5] . At the throat, it is possible to make all components of (26a)-(26d) small or vanish due to the fact that b(r 0 ) = r 0 and b(r 0 ) ,1 = 1, with possible exception of (26d) which is equal to 1/r 3 0 . For purely radial motion (28) dictates that this component plays no part in the tidal acceleration and therefore presents no constraint on the wormhole size [3] , [5] . Away from the throat there is the potential to make the relevant components at least reasonably small by the choice of matter field via (18a) and (27). Note that the "smallness" of the Riemann components is not a requirement of the wormhole system. It is simply a measure of the ease at which one may be traversed.
The Stellar Boundary
Having identified conditions in the interior we now turn attention to the boundary of the star at r = d ± . Here the solution must smoothly tend to the vacuum Schwarzschild-(anti) de Sitter metric:
where the tilde on the time coordinate will be later made clear. Note that the "mass" of the star in one universe need not necessarily be the same as in the other. The junction condition employed at this surface will be that of Synge [17] T
with n ν an outward pointing radial normal vector. This condition essentially states that there may be no flux of stress-energy off the surface of the star which, of course, is a reasonable requirement when patching to a vacuum solution as will be done next. For the class of metrics considered here, continuity of the metric at the boundary also ensures continuity of the extrinsic curvature.
It is now necessary to check conditions at the boundary r = d ± where the interior solution must match the vacuum solution given by (29). Here, from (7) we get Here (20) has been used. We now perform the following coordinate changẽ
so that
and thus the interior solution has been matched to (29).
Examples
Having developed the formalism for constructing such wormholes it is instructive to demonstrate how the scheme works via specific examples. Again the ± subscript is neglected unless needed for clarity.
A simple, yet instructive example is one with the following parameters: 
The rotated profile curve for this system is shown in figure 3a . Figure 3b displays the shape function and 3c its derivative. Note that the total mass (as measured by b(r)) and the energy density (b(r) ,1 ) are positive in the vicinity of the throat. Since the Einstein equations permit discontinuities in the energy density, there is no reason to place the stellar boundary near the point where b(r) ,1 vanishes although for this example we do so. The radial pressure, p = (τ (r) + Λ) /8π, is plotted in figure 3d . Note that with the addition of the large κ term this term is positive throughout most of the region. Finally, figure 3e shows a plot of the transverse pressure. As with the radial pressure, this quantity is positive throughout most of the stellar bulk. 
Energy Conditions
Here we discuss energy conditions both in general and with respect to the above example. From an expansion of (21) near the throat we find that
A similar analysis on the radial pressure yields via (25) :
Finally, the transverse pressure (6) 8πp
Exactly at the throat, energy conditions are respected as ρ is positive unless the cosmological constant is large (a possibility ruled out by experiment) and ρ(r 0 ) + p (r 0 ) = 0 as well as ρ(r 0 ) + p ⊥ (r 0 ) > 0. As we move away from the throat notice that, in the expression ρ + p , the third and fifth terms of (38) survive. Both of these terms yield a negative contribution and therefore energy conditions are violated slightly away from the throat. It is possible to cutoff the solution at some radius smaller than the energy condition violating radius and patch to an intermediate layer of material which respects energy conditions. This intermediate layer may then be patched to Schwarzschild-(anti) de Sitter vacuum and thus there will be no energy condition violation. Notice from figure 3 that averaged energy conditions (energy conditions integrated over the stellar bulk) are certainly satisfied as most of the stellar bulk is "well behaved" in the context of energy conditions. Also interesting is that, at the throat, the matter is still exotic in the sense that the magnitude of the pressure is of the same order of magnitude as the energy density. A positive cosmological constant, if present, would minimize the amount of material needed at the throat although the cosmological constant would most likely be quite small when compared to 1/r 2 0 and therefore would not necessarily eliminate this exotic behaviour.
The weak energy condition may also most easily be studied by forming the quantity [4] , [8] 
This quantity should be positive for any weak energy condition respecting matter. We plot this quantity for the example above in figure 3f . This figure shows that throughout the stellar bulk, with the exception of a small region near (but not at) the throat, the weak energy condition is satisfied. The violation, however, is very small. This agrees with the perturbative analysis above. As pointed out in much of the literature on energy conditions, this violation does not conflict with experimental results as the weak energy violating Casimir effect has been verified experimentally.
Another interesting example, which we will briefly consider, is that where the wormhole connects not just two universes but any number of universes. An in depth analysis of this situation will not be made and this example simply serves to illustrate that a minor extension to the above techniques is all that is required for such a system.
The profile curve of the "top half" of a single closed universe is shown in figure 4a . The bottom half of the universe may be generated by reflection via P (r) → −P (r). We use, as an example of such a profile curve the following function:
where k is a constant and R and B are constants (with B > R) related to the size of the universe and to the size of the throat via d = B + R and r 0 = B − R << B + R. This profile, along with it's reflection about the r-axis serves to generate the closed universe. Note that this universe may be joined at its throats to other (potentially infinite number of) closed universes or to an open universe at each end of the closed universe chain. In this latter case the closed system is a set of "baby universes" to the open ones. It should also be possible to terminate the chain not with open universes but instead a closed universe with only one throat. Note that continuity of the metric must be respected at each coordinate chart junction in order to have a smooth patching. A representative system of three closed universes with similar radii is shown in figure 4b . Again we utilize the mixed method of solving the Einstein field equations in order to minimize energy condition violation. Singularities and event horizons are still forbidden and, since here we do not patch to a well behaved vacuum solution, a slight modification of the above techniques will be required to ensure these conditions both at the throat and at r = d := (B + R).
The Einstein equations give, for the energy density of the fluid, where the ± subscript has been dropped as it is implied that quantities in the top half of the universe should be equal to those in the bottom half. Although this condition is not a strict requirement of the model it is used here to simplify the system. It should be noted that, as mentioned above, the metric must be continuous at both at the throat and at r = d in order to have a smooth patch. Also, the junction conditions require T We now analyze the manifold for event horizons and singularities. In this example, the Einstein equations give:
where the previous notation is still used (τ (r) := 8πT 1 1 − Λ). Note that now there are two potentially troublesome spots, namely r = r 0 and r = d. As before, to guarantee that the integral on (44) is well behaved it is required that τ + 1/r 2 vanish at least as fast as the denominator of the second term in square brackets at these spots. Again, as is common with static wormhole solutions, a net tension is required at the throat to maintain the wormhole. A tension is also required at r = d. Although many functions will possess this behaviour, for the specific example considered here we assume 
where m is an odd integer. The Riemann curvature tensor in the orthonormal frame at r = r 0 gives, from (26a): 
Here b(d) = B + R and b(d) ,1 = 2k 2 R(R + B) + 1 and again (45) gives a finite result. Finally, it should be noted that, since ρ, τ (r) and γ(r) ,1 are everywhere finite, the transverse pressures (defined via equation (4)) are also well behaved.
Conclusion
In this paper a general model of a static wormhole system was developed. The construction is designed to encompass a large class of static wormhole solutions and limitations were imposed on it so that physical quantities are as reasonable as possible. The system was shown to obey both energy conditions at the throat as well as averaged energy conditions throughout the matter bulk. As well, the matter system smoothly joins a vacuum possessing an arbitrary cosmological constant. Many specific examples may be constructed from the work here and a couple were considered including a system of multiple connected universes. It would be interesting to derive a general class of time dependent wormhole geometries although the equations governing such a system are formidable. In this case one would also need to specify, at the very least, some qualitative features of the future evolution of the system. For example, does one wish to consider cases where the wormhole effectively "closes up" or simply translates through spacetime. As well there is the issue of causality ( [21] , [22] , [23] , [24] and others). There is also much interesting work to be done regarding wormholes of other symmetries (for example see [25] , [26] ). It should be straight forward to apply the analysis here to generate a general class of cylindrical wormholes, for example.
It is hoped that this work may provide a general wormhole model from which one may base future work in this fascinating field. The aim is also to shed light on methods to satisfy all field equations and identities in a way relevant to studies of stellar systems.
